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Summary. –We investigate the exact renormalization group (RG) in
Einstein gravity coupled to N-component spinor field, working in the ef-
fective average action formalism and background field method. The trun-
cated evolution equation is obtained for the Newtonian and cosmological
constants. We have shown that screening or antiscreening behaviour of
the gravitational coupling depends crucially on the number of spinor com-
ponents.
PACS. 04.62-v - Quantum field theory in curved spacetime
PACS. 04.60-m- Quantum gravity.
PACS. 12.10Dm- Unified theories and models of strong electroweak inter-
actions.
There has recently been much activity in the study of nonperturvative RG
dynamics in field theory models ( for recent review, see [1] ). One of the versions
of nonpertubative RG based on the effective average action has been developed
in ref.[2] for Einstein gravity ( the gauge dependence problem in this formalism
has been studied in ref. [3] ) and in [5] for gauged supergravity. The nonper-
turbative RG equation for cosmological and Newtonian coupling constants have
been obtained in ref.[2] for the Einstein gravity and in ref [6] for R2 gravity.
The comparison between quantum correction to Newtonian coupling from non-
perturvative RG [2] and from effective field theory technique [4] or R2-gravity
[8] has been done.
It is quite interesting to study nonperturbative RG (or evolution equation) for
the gravity in the presence of N−component spinor field in order to evaluate
the influence of the number of spinors in the nonperturvative behaviour of the
Newtonian and cosmological constants. We follow the formalism of ref. [2]
developed for gravitational theories. The basic elements of it are background
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field method ( see [7] for a review ) and the truncated nonperturbate evolution
equation for the effective average action [2]. We will start from a theory with
the following action:
S =
∫
d4x
√
g
[ 1
16piG¯
(−R+ 2λ)+ψ¯iiγµ∇µψi], (1)
where i =, ..., N and nonrenormalizable Einstein gravity is considered to be
valid below some UV scale Λ. We will use the truncation [2, 3]
G¯→ Gk = G¯
ZNk
, λ→ λk
Following the approach of ref. [2] we will write the evolution equation for
the effective average action Γk[g, g¯] defined at nonzero momentum ultraviolet
k below some cut-off Λcut−off . The truncated form of such evolution equation
has the form
∂tΓk[g, g¯] =
1
2
Tr
[
(Γ
(2)
k [g, g¯] +R
grav
k [g¯])
−1∂tR
grav
k [g¯]
]
− Tr
[
(−M [g, g¯] +Rghk [g¯])∂tRghk [g¯]
]
,
(2)
where t = Lnk, k is the nonzero momentum scala, Rk are cutt-off, M [g, g¯]
are ghost operators, g¯µν is the background metric, gµν = g¯µν + hµν where hµν
is the quantum field. Γ
(2)
k is the hessian of Γk[g, g¯] with respect to gµν at fixed
g¯µν (for more details, see [2]).
Projecting the evolution equation on the space with low-derivatives terms, one
gets the left-hand side of the truncated evolution equation (2) as follows:
∂tΓk[g, g¯] = 2k
2
∫
d4x
√
g[−R(g)∂tZNk + 2∂t(ZNkλk)], (3)
with k2 = 1/32piG¯. The initial conditions for ZNk, λk are chosen in the same
way as in [2].
On the right-hand side of the evolution equation (2) we need the second func-
tional derivate of Γk[g, g¯] at fixed background g¯µν . A useful choice is De Sitter
space where the curvature R is the external parameter characterizing the space.
In such a space we have for the gravitational sector of eq. (1)
Γ
(2)grav
k [g, g] = ZNkk
2
∫
d4x
√
g
{1
2
hˆµν
[−✷− 2λ¯k + 2
3
R
]
hˆµν − 1
8
φ[−✷− 2λ¯k]φ
}
.
(4)
The complete average effective action with g¯ = g containing gravitational, ghosts
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and spinor contributions is calculated with the final result
Γk =
1
2
TrTLn
[
ZNk
(
−✷− 2λk + 2
3
R+ k2R(0)(−✷/k2)
)]
+
1
2
TrSLn
[
ZNkLn
(
−✷− 2λk + k2R(0)(−✷/k2)
)]
− TrV Ln
[(
−✷− 1
4
R+ k2R(0)(−✷/k2)
)]
− N
2
Tr1/2Ln
[
ZNk
(
−✷+ 1
4
R+ k2R(0)(−✷/k2)
)]
.
(5)
Note that the above calculation may be easily extended to hyperbolic back-
ground where the main part of the effective action is well known [9]. Now we
want to find the RHS of the evolution equation. To this end, we differentiate
the average action (5) with respect to t. Then we expand the operators in (5)
with respect to the curvature R because we are noly interested in terms of orden∫
d4x
√
g and
∫
d4x
√
gR:
∂tΓk[g, g] =TrT
[
N
(
A+
2
3
R
)
−1
]
+ TrS [NA−1]
− 2TrV
[
N0
(
A0 − 1
4
R
)
−1
]
+NTrS
[
N0(A0 + 1
4
R)−1
] (6)
where
N = ∂t[ZNkk
2R(0)(z)]
ZNk
,
A = −✷+ k2R(0)(z)]− 2λk. (7)
The operatorsN0 and A0 are defined from (7) with λk = 0 and ZNk = 1 (see
[2, 3]). Here the variable z replaces −✷/k2 and ηN (k) = −∂t(LnZNk). Note
that as a cut-off we use the same function as in ref.[2]: R(0)(z) = zexp[z]−1 . The
above steps lead then to
∂tΓk[g, g] =TrT
[
N
(
A
)
−1
]
+ TrS[NA−1]− 2TrV
[
N0A−10
]
−NTr1/2[N0A−10 ]−R
{2
3
TrT [NA−2] + 1
2
TrV [N0A−20 ]
− 1
4
NTr1/2[N0A−20 ]
}
+O(R2),
(8)
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As a next step we evaluate the traces. We use the heat kernel expansion which
for an arbitrary function of the covariant Laplacian W (D2) reads
Trj[W (−D2)] =(4pi)−2trj(I)
{
Q2[W ]
∫
d4x
√
g
+
1
6
Q1[W ]
∫
d4x
√
gR+O(R2)
}
,
(9)
where by I we denote the unit matrix in the space of field on which D2 acts.
Therefore trj(I) simply counts the number of independent degrees freedom of
the field. The sort j of fields enters (16) via trj(I) only. Therefore, we will drop
the index j after the evaluation of the traces in the heat kernel expansion. Note
that one could use also zeta-regularization in the above expression [10].
The functional Qn are the Mellin transforms of W,
Qn[W ] =
1
Γ(n)
∫
∞
0
dzzn−1W (z) (n > 0). (10)
Now we have to perform the heat kernel expansion (9) in eq.(8). This leads to
a polynomial in R, which is the RHS of the evolution equation (2).
By the comparison of coefficients with the LHS of the evolution equation (3),
we obtain at the order
∫
d4x
√
g
∂t(ZNkλ¯k) =
1
4k2
1
(4pi)2
{10Q2[N/A]− 8Q2[N0/A0]− 4NQ2[N0/A0]} (11)
and at the order
∫
d4x
√
gR.
∂tZNk = − 1
12k2
1
(4pi)2
{10Q1[N/A]− 8Q1[N0/A0]
− 4NQ1[N0/A0]− 36Q2[N/A2]− 12Q2[N0/A20] + 6NQ2[N0/A20]}.
(12)
The cutt-off-dependent integrals are defined in [2, 3]
ΦPn (w) =
1
Γ(n)
∫
∞
0
dzzn−1
R(0)(z)− zR(0)′(z)
[z +R(0)(z) + w]P
,
Φ˜Pn (w) =
1
Γ(n)
∫
∞
0
dzzn−1
R(0)(z)
[z +R(0)(z) + w]P
, (13)
for n > 0. It follows that ΦP0 (w) = Φ˜
P
0 (w) = (1 + w)
−P for n = 0. We can
rewrite eqs. (11) and (12) in terms of Φ and Φ˜. This leads to the following
system of equations:
∂t(ZNkλ¯k) =
1
4k2
1
(4pi)2
k4{10Q12(−2λ¯k/k2)− 8Φ12(0)
− 4NΦ12(0)− 5ηN(k)Φ˜12(−2λ¯k/k2)},
(14)
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∂tZNk = − 1
12k2
1
(4pi)2
k2{10Φ11(−2λ¯k/k2)− (4N + 8)Φ11(0)
− 36Φ22(−2λ¯k/k2)− (6N − 12)Φ22(0)
− 5ηN (k)Φ˜11(−2λ¯k/k2) + 18ηN(k)Φ˜22(−2λ¯k/k2)}.
(15)
Now we introduce the dimensionless, renormalized Newtonian constant and
cosmological constant
gk = k
2Gk = k
2Z−1NkG¯, λk = k
−2λ¯k. (16)
Here Gk is the renormalized Newtonian constant at scale k. The evolution
equation for gk reads then
∂tgk = [2 + ηN (k)]gk. (17)
from (15) we find the anomalous dimension ηN (k)
ηN (k) = gkB1(λk) + ηN (k)gkB2(λk) (18)
where


B1(λk) =
1
6pi
[10Φ11(−2λk)− 4(N + 2)Φ11(0)− 36Φ22(−2λk) + (6N − 12)Φ22(0)],
B2(λk) =
1
6pi
[18Φ˜22(−2λk)− 5Φ˜11(−2λk)].
(19)
Solving (18)
ηN (k) =
gkB1(λk)
1− gkB2(λk) (20)
we see that the anomalous dimension ηN is a nonperturbative quatity. From
(14) we obtain the evolution equation for the cosmological constant
∂t(λk) =− [2− ηN (k)]λk + 1
2pi
gk[10Φ
1
2(−2λk)+
− 4(N + 2)Φ12(0)− 5ηN (k)Φ˜12(−2λk)].
(21)
Equations (17) and (21) together with (19) give the system of differential equa-
tions for two k-dependent constants λk and gk. These equations determine the
value of the running Newtonian constant and cosmological constant at the scale
k ≪ Λcut−off . The above evolution equations include nonperturbative effects
which go beyond a simple one-loop calculation.
Next, we estimate the qualitative behaviour of the running Newtonian constant
as the above system of RG equations is too complicated and cannot be solved
analytically. To this end we assume that the cosmological constant is much
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smaller than the IR cut-off scale, λk ≪ k2, so we can put λk = 0 that simplify
eqs. (17) and (19). After that, we make an expansion in powers of (G¯k2)−1
keeping only the first term (i,e. we evaluate the function ΦPn (0)) and Φ˜
P
n (0))
and finally obtain (with gk ∼ k2G¯)
Gk = G0[1− wG¯k2 + ...], (22)
where
w =
1
12pi
[(48− 6N)Φ22(0) + (4N − 2)Φ11(0)]
=
1
12pi
[
(48− 6N) + (4N − 2)pi
2
6
]
,
(23)
where Φ11(0) = pi
2/6 and Φ22(0) = 1.
In the case of Einstein gravity, a similar solution has been obtained in refs.
[2, 3].
From (18) we can see that for any values of N , w will be positive, which means
that Newton’s constant decreases as k2 increases; it is the same sing as for
non-Abelian gauge coupling in Yang-Mills theory. We see that gravity is anti-
screening, being larger at large distances. Hence, we proved that antiscreening
behaviour of the gravitational constant is expected in the presence of spinor
fields, growing with N . That may lead to interesting cosmological consequences
in the early Universe.
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